ALGEBRAS SATISFYING THE DESCENDING CHAIN CONDITION FOR SUBALGEBRAS THOMAS P. WHALEY
In this paper we give a partial solution to the following problem of B. Jόnsson: (*) For which cardinals m do there exist algebras of power m having finitely many operations and satisfying the descending chain condition for subalgebraβ?
Of course a necessary condition for the existence of such an algebra is that there exist an algebra of power m having finitely many operations and having no proper subalgebra of power m. The first such construction was by F. Galvin who constructed an algebra of power ω t which satisfied the descending chain condition for subalgebras. It has been shown by Erdos and Hajnal [1] that for neω there is an algebra of power ω n which has finitely many operations and has no proper subalgebra of power ω n . Actually C. C. Chang [3] has shown that if an algebra exists of power m having finitely many operations and having no proper subalgebra of power m, then such an algebra exists of power m + . In §2 we modify this construction to show that if there is an algebra of power m with finitely many operations and satisfying the descending chain condition, then there is such an algebra of power m + . Erdos and Hajnal [1] also showed, under the assumption of the generalized continuum hypothesis, that for any cardinal m there is a locally finite algebra of power m + having finitely many operations and having no proper subalgebra of power m + . In § 3 we show that for neω there is a locally finite algebra of power ω n having finitely many operations and satisfying the descending chain condition for subalgebras. 2* General algebras* Before beginning the construction of the algebras we note the following relevant theorem of W. Hanf. THEOREM 2.1. (Hanf [2] , [4] Proof. Suppose we have such an algebra of power m. Using Corollary 2.2 we assume our algebra is of the form A = <m; /> (identifying the cardinal m with the set of all ordinals of cardinality less than m). Actually we could take A to be a commutative loop, but these properties are not needed here. 
We now show that if Ccz s Bcz s A',
one of the following three conditions must hold:
ΣBeB-C. Assume that ΣC -ΣB and ΣB gΰ -C. Suppose first that B has a largest member, β. Then β = ΣB&B -C implying that βeC. Thus C ΓΊ β c B Π β. We know that Cnm-φ β (C Π /3) c 0^(5 n /5) -J5 n m. This leaves only the case where B has no largest member. Take ξ eB -C. 3* Locally finite algebras* By a locally finite algebra we mean an algebra in which each finite subset generates a finite subalgebra. The following theorem characterizes the lattices of subalgebras of locally finite algebras in a manner somewhat analogous to Hanf's theorem. Proof. Since the compact elements in the lattice of subalgebras of an algebra correspond to the finitely generated subalgebras and since each finitely generated subalgebra of a locally finite algebra is finite, it is clear that each compact element in the lattice of subalgebras of a locally finite algebra contains only finitely many compact elements.
Conversely, suppose <X; +, •> is a compactly generated lattice in which each compact element contains only finitely many compact elements. Let L c be the semilattice of compact elements of L. We know that L is isomorphic to the lattice of ideals of L c . We now define a commutative binary operation, /, on L c so that the subalgebras of <X It is easy to check that the subalgebras of <77; /> are as described above. COROLLARY 
For any m the following are equivalent: ( i ) There is a compactly generated lattice having m compact elements in which each compact element contains only finitely many compact elements and which satisfies the descending chain condition.
(ii) There is a locally finite algebra of power m which satisfies the descending chain condition for subalgebras.
(iii) There is a locally finite algebra of power m having one commutative binary operation and satisfying the descending chain condition for subalgebras. As an induction hypothesis we assume that we have n = <ω n ; f m , n , ω s so that the following assertions are true of A n :
(1) f m , n is of rank r(n) where r(0) = 1 and r(l + 1) = 2r(l) + 1; ( 2 ) A n is locally finite; Condition (3) will be used to obtain local finiteness, and condition (4) will assure that we have the descending chain condition for subalgebras. To see this suppose
Take ξi e B { -B i+ί . Then applying (4) to {ξ< | i e ω) we find that there is a k o eω for which ξ ko e B kQ+1 , a, contradiction.
We now proceed to construct A n+1 which satisfies conditions (1)- (4) with n replaced by n + 1. For each ζ with ω n <; ξ < ω n+1 we let φ ξ map ξ onto ω n in a one-to-one manner with φ ωn just the identity map on ω n . We let A n+ι = <ω 1l+1 ; / WfΛ+1 , ω z > m6tt> .
It is clear that A n+1 satisfies conditions (1) and (3) of the induction hypothesis.
We now show that A n+ί is locally finite. Suppose B is a finite subset of ω n+1 . Let 2. At most finitely many of the f/s are less than ω n : Without loss of generality we assume that {ξ k \ ke ω}Qω n+1 -ω n . We pick k 0 < k 1 < so that ξ ko < Sk ± < * * For each ieω, we let 7Γ; = Φe k (ξ ki ). Now consider {7r f | ί e ώ). If for some ί,jeω we have i < j and 7r 4 = π y , then and we're through. Thus we may assume that {π i \ie ω} is a sequence of distinct elements of ω n . Applying the induction hypothesis again, we get an meω and i 0 , i ίf , ΐ r(n) e ω so that i 0 < ΠJ^ί ^ 
